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Introduction

A system is financially fragile relative to another when its expected value in
the steady state is lower owing to an inability to manage liquidity in a
manner that is dynamically efficient. We show that a decentralized mech-
nism for allocating liquidity is more fragile than a centralized system,
because of a divergence between social and market values of firms when
there is a potential for aggregate liquidity constraints to bind in any period.
A market mechanism is unable to correctly value firms in terms of their
ability to provide liquidity in the future, and hence can allow a firm to go
bankrupt even though it would be socially valuable to refinance it. This is
because the potential to be a liquidity supplier increases the value of other
firms, but this externality is not accounted for in the market value of firms.

Correctly valuing a firm (or a project) is a central issue in finance. The value
of a firm is typically equal to the expected discounted value of its future
benefits, conditioned on its survival. In the autarkic case where no
refinancing is available, the firm will eventually go bankrupt when there is a
positive probability of distress, and the computation of its value takes this
probability into account. The probability of bankruptcy enters into the

* The authors wish to thank Michel Truchon and departmental seminar participants at the
Bank of Canada for valuable comments and suggestions.
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“effective” discount rate. The difficulty in the computation of the value
arises when refinancing is potentially available but subject to an endogenous
liquidity constraint. In a dynamic context, the flow of future benefits in the
firm is conditioned by the possibility of financial distress and the firm’s
ability to obtain refinancing in future periods, should it become distressed.
Bankruptcy is then endogenous to current and future refinancing possibili-
ties, and the computation of the firm’s value becomes a non-trivial exercise.

In an environment of perfect financial markets, there are no liquidity

constraints facing the firm as long as its value, net of its liquidity needs,
remains positive. Firms are easy to value in this world, and bankruptcy,
when it occurs, is efficient. We present a model of firm valuation when

financial markets are imperfect. We focus on a limited aggregate supply of
liquidity as a source of market imperfection. A firm may not be able to

obtain financing even though it would be profitable to do so because the
aggregate supply of liquidity is bounded. This assumption can limit the
extent of refinancing a firm can obtain and affect its current value. In

addition, current and potential liquidity constraints create a divergence in a
firm’s social and market value, which causes a decentralized market for
liquidity to be dynamically inefficient or financially fragile.

In this model, a firm is identified with an infinite random sequence of
benefits, conditional on its survival. In each period, a firm realizes a net
benefit. For example, this benefit represents its cash flow consisting of
revenues minus costs net of any new investment requirement. If this benefit
is below a threshold level (normalized to zero), the firm is in financial
distress and needs refinancing to pursue its activities. Without refinancing, it
must declare bankruptcy. If this benefit is positive, the firm can choose to
either consume its benefit or use it to refinance a distressed firm.

We develop a procedure for valuing firms when there is a potential aggregate
shortage of liquidity. We suppose that there is no deep-pocket financier that
could refinance all firms whenever it is optimal to do so. Instead, we have a
finite number of firms that can provide financing to one another when they
have sufficient liquidity. As long as the value of a firm is greater than its
liquidity needs, it is optimal to refinance it. This may not be possible,
however, if the other firms do not generate enough liquidity. A firm may
become financially vulnerable because the aggregate supply of liquidity in
the economy is low, and not because its net value falls below zero.

Within this context, we study two environments. In the first, we assume that
all firms are part of a coalition in which financing decisions are centralized
to maximize the value of this coalition. In each period, the set of surviving
firms is chosen to maximize the future value of the coalition of surviving
firms. If there is an aggregate liquidity constraint, some firms cannot be
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refinanced and must be shut down. The decision about which firms should
survive in this case depends on the marginal contribution of firms to the
future value of the coalition. This contribution depends on the ability of a
given firm to “rescue” other firms in the future. We compute a two-firm
example to illustrate our results.

In the second environment, we assume that, instead of a centralized
decision-making mechanism, there exists a market for liquidity, and
distressed firms must borrow on this market at the equilibrium rate of
interest. For each period, we characterize the equilibrium interest rate that
determines which firms are refinanced. These firms have the highest market
value net of refinancing costs.

We then compare the efficiency of the two mechanisms. For each case, we
show that the economy converges to a stable coalition of firms, a set in
which no bankruptcies can occur. This limit set may be history-dependent.
More interestingly, we show that the two mechanisms can produce different
sets of stable coalition®ny stable coalition in a decentralized market is
also stable in the centralized mechanism, but the converse is notlirae
decentralized market, firms with the highest market value net of refinancing
costs are refinanced. This value, however, does not include the impact that
the firm may have on the future refinancing possibilities of other firms.
When there is an aggregate liquidity constraint that may bind in some future
period, each firm has a shadow value that depends on its potential for
rescuing other firms in that period; that is, each firm has an externality on the
value of other firmd. The market for liquidity cannot take this externality
into account, but a centralized mechanism can. For example, suppose that
firm A has a higher net market value than firm B today, but that firm B is
more likely to “rescue” firm C from bankruptcy in the future (maybe
because its returns are negatively correlated with those of firm C). Suppose
there is an aggregate liquidity constraint that prevents the refinancing of
firms A and B. A central planner may prefer to rescue firm B over firm A if
this increases the value of firm C sufficiently. However, a decentralized
market does consider this externality when computing the value of firms. In
this sense, the market is not dynamically efficient, and that is why it is more
fragile than a centralized mechanism. We use a simple numerical example to
show how the market may fail to correctly compute the true value of firms,
while a centralized coalitional organization would perform efficiently.

The issue of endogenous bankruptcy has already been studied in the
literature on optimal capital structure. Using a no-arbitrage argument,
Merton (1974) computes the value of a firm’'s equity when its benefits follow

1. This externality vanishes when there is no aggregate liquidity constraint.
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a diffusion-type stochastic process. Merton assumes that the firm issues a
zero-coupon bond with maturity at tinie If the value of assets is less than

the face value of debt & the firm is bankrupt and the equity is worth zero.
This makes the equity value resemble a European call option, which is
valued using Black and Scholes’ (1973) formula. Merton’s formula per se
does not consider bankruptcy as an endogenous event. It can be used,
however, to price any claim on a firm whose benefits are described by a
diffusion process.

Leland (1994) considers a more complex type of debt with a continuous
coupon, and computes the equity value when bankruptcy is either exogenous
or endogenous. Bankruptcy is exogenous when it is triggered by the assets’
value falling below a predetermined exogenous target level. Bankruptcy is
endogenous when it is triggered by the impossibility to pay the coupon by
issuing additional equity. In this case, there is a minimum valge of the
firm’s assets below which equity is worth zero and the firm is bankrupt. The
firm chooses this lower bound to maximize the total value of the firm. On the
one hand, the lower boun¥;  must be low enough to minimize the
occurrence of bankruptcy; on the other hand, it cannot be too low, since
equity must remain positive for a value of assets above the bound. Leland
finds that the lower boun®l;  on the value of assets that triggers bankruptcy
is proportional to the debt coupon, independent of the current value of
assets, increasing in the risk-free rate of interest and decreasing in the
volatility of the assets’ value process. Leland assumes that the firm can
always refinance on the market as long as its equity value is positive. This
translates into an environment of perfect financial markets. In this model,
bankruptcy is said to be efficient.

In their paper, den Haan, Ramey, and Watson (1999) also study the fragility
of an economic system in which there is an aggregate liquidity constraint.
Borrowers and lenders are matched and, in each period, lenders receive a
random liquidity endowment. The realized endowment affects the viability
of a match. The main difference of this paper from our approach is that the
authors assume there is no short-run market for liquidity. Assuming that
liquidities can flow across agents is a main feature of our analysis. We show
that an economy may still be fragile despite having a short-run competitive
market for liquidities.

In section 1, we introduce the model and notation. We then compute the
value of a firm in two benchmark cases: in autarky and when there is a deep-
pocket financier who supplies liquidity in each period. In the following
sections, we assume that the aggregate supply of liquidity is finite and given
by the cash-flow realizations of all firms in the economy. In section 2, we
develop our centralized coalitional model and illustrate our results with a
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two-firm example. In section 3, we assume a decentralized market for
liquidity in each period and characterize the market equilibrium. In
section 4, we compare the efficiency of the two mechanisms and illustrate
our results with an example. The conclusions follow.

1 The Model

Consider a multi-period, single-good economy where all consumers have
(risk-neutral) linear preferences with respect to random consumption paths.
They discount future consumption by a common fadior . Consumers are
assumed to have rational expectations; that is, they perfectly anticipate
future prices contingent on available information and coordinate on the
same equilibrium if many equilibria can exist.

There is an infinite random sequence of i.i.d. stasgg {, wheret is a time
subscript. Each stat, is drawn fro® §, ), whereSis a compact set of
states,S is a 0 -algebra or§5 and p is a probability measure. In what
follows, the time subscript is dropped whenever this does not create any
confusion. Hences usually refers to the current state.

There are many productive projects, owned by the consufins. number

of projects can decrease over time with the occurrence of bankruptcy. We
forbid the entry of new projects, howevein each period, projects generate
random benefits measured in units of the consumption good. A project is
described by a measurable continuous funcyionS - R, which relates
each states, to the random benefit the project generates in that g{ade,

A negative benefit generated by a project represents a temporary shortage of
liquidity that prevents the project from investing in its technology to
continue to create value. A negative benefit that is not refinanced results in
the bankruptcy of the project. We assume limited liability so that if a project
has a negative benefit and declares bankruptcy, it forgoes its financial
liabilities. A bankrupt project can never be reactivated so that if it goes
bankrupt in period, it brings a benefit of zero in periadand all subsequent
periods. A positive benefit, on the other hand, creates excess liquidities that
can be used to refinance other projects or be consumed by the owners of the
project. There is no storage technology for transferring liquidities in the
current period to a future period: all positive benefits created in the economy
must be used in the same period.

2. In this paper, we use the terms “project” and “firm” interchangeably.

3. Although this assumption simplifies the analysis, it is not crucial, in the sense that
allowing the entry of new projects would not change the results qualitatively, as long as the
entry of new projects does not eliminate the possibility of the aggregate liquidity constraint
binding in some states.
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A project is said to be ifinancial distressn statesif y(s) <0. We say that

the project issolventin one period if its benefit is non-negative or if it can
obtain refinancing to survive until next period. Since there is no storage
technology, refinancing can be obtained only from positive benefits realized
by other project$.

Let us denote the current population of projectsyb¥f y is small, we will
denote it by its elements. For instance, if it contains two projects
y = {x, Z} , we denote it simply byz . For a subsebf the populatiory,
z(s) is the set of benefits generated by each projeetimstates. The sum

of the elements ofz(s) is denoted Byz(s) . Furthermozés)® Is the
subset of those benefits that are non-negative, Znd is the subszet of
obtained using the labels associated with the valuexs)ff” z(s). zand

are defined the same way.

1.1 Autarky

A project that lives in complete autarky has no access to refinancing. It is
solvent if and only if its benefit is non-negative. The value of an autarkic
project is then the expected discounted sum of its current and future benefits,
taking into account that it goes bankrupt whenever its bengfd) is
negative. Up to a bankruptcy episode, benefits are stationary. Hence, the
continuation value is either zero if the project is bankrupt or some constant
non-negative expected discounted value if the project is solvent.

Let us denote by* (y~) , the set of states in whigts) >0 (y(s)<0) :
that is,
y'={s09y$20}, and y ={s0 gy 3$<0} .

We will keep this notation for any other measurable function $n
throughout the paper. Under the assumption of stationarity of the benefit

4. Like the no-entry assumption, the no-storage assumption is made for tractability. In a
closed economy, saving does not take the form of storage but of investment that increases
the productive capacity of the economy. Hence, we assume that the capacity of the
economy is somewhat fixed and we focus on real shocks around a zero-growth trend. We
conjecture that our results would be qualitatively unaffected if growth was taken into
account as long as the magnitude of shocks is related to the size of the economy: one can
reinterpret the (stationary) process of shogks the level of output of a given project as a
(stationary) process of shocks on its rate of growth. A project is then in financial distress in
statesif its rate of growthy(s)is smaller than —1. This approach needs to keep track of the
various project sizes to account for the total amount of good produced in a single period-
state, but, as the economy grows, the problem of financing distressed projects in states of
nature where not all projects can be rescued remains acute.
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functiony, the value of the project depends only on the current state and may
be defined as a random variablg(y) : S - R :

]
vo(y)(s) = g Y& T Vo) if SOy, 1)
Ho if sOy,

where d I (0, 1) is the discount rate. Let us denatg(y) the expected
value ofvy(y) . Because benefits are stationary, this expected continuation
value is constant. Hence, taking the expectation on equation (1) yields

Vo(y) = E(vp(Y))

H(YNE(Y +dV(Y)|y")

——U(yEMIY). 2
1-8u(y")

where E(y| y+) Is the conditional expectation gfgiven the eventy+ :
Equation (2) yields a formula for the valuation of a project that has a con-
stant probabilityi(y™) of becoming bankrupt.

1.2 Unconstrained refinancing for a single project

Let us suppose that the project has access to refinancing in states where its
current benefit is negativey(s) <0 . Refinancing the project makes
economic sense if its continuation value is greater than its current liquidity
requirement—y(s) . Thus, current and future refinancing can increase the
value of the project. This implies that the continuation value itself is affected
by the availability of refinancing in the future. Hence, the probability that
the project will become bankrupt again is not necessarfly”) NA§()

Is no longer the expected future value of the project.

Define byS the set of states in which the firm is either not distressed or is
successfully refinanced and, therefore, solvent. Since the decision to
refinance is independent of current financial liabilities and benefits are
stationary, the sef! is time-independent. Using similar computations as
those in the previous section, the expected discounted value of all future
benefits is given by

0
—_— E :
sy (SIS
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This is the maximum amount of financial capital the firm can raise. Hence,
the firm is solvent in states if and only if its net present value is non-
negative, that is

y(s) + ———=H(SDE(y|$) = 0. 3)

1- 6 En)
The setS] is the set of state$or which condition (3) is satisfied. It is easy

to see that, ifs0 §1 , then all states , such tlyés) = y(s) , are also in
g1, This implies that there exists some lower bowid  below which the
firm is optimally bankrupt. The lower boungdmust be negative, because

it is never optimal to declare bankruptcy when the current benefit
IS non-negative. The set of solvency states is given by

SI={sO9¥(3$=yD} = (y-yD". The lower boung! solves

Yt —— (- yDNEMI(-D) = 0. (@)
1-3p((y-yD)")

This equality implicitly defines the s&t]

We can now compute the expected value of the project, ugjsp< yU as
the bankruptcy condition. In any period and sgatee have

[
Dy(s)+6V yoly) if sO93]

vy(Y)(8) = ®)
D 0 if sOS\s
O
Taking expectations on equation (5) yields
Vidy) = E(vAy)),
= H(SIHE(Y +3V (y)[S)),
= ———U(SIEYS). (6)

15(93)

Equation (6) gives the expected value of the project in an environment
without liquidity constraints. Fory(s) =yl , it is profitable to keep the
project operating. Bankrupting it would destroy value, since its future value
Is larger than the amount of liquidity required to keep it solvent. For
y(s) <yl, it is optimal to bankrupt the project since its future value is
smaller than the amount of liquidity required to keep it solvent.
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Without an aggregate liquidity constraint, a project can raise funds up to its
discounted expected value taking into account the probability of bankruptcy.
The valueV (y) can be compared to the autarkic valygy) , Which
corresponds to the cagel = 0 . Itis easily shown ’sl’@(y) >V(y) , and
therefore, the availability of outside liquidity raises the value of the project.

1.3 Refinancing firms in the face of aggregate liquidity constraints

From now on, we relax the assumption that there is no aggregate liquidity
constraint. We suppose instead that liquidities have to be supplied by
existing projects and hence cannot exceed the sum of positive benefits in the
economy, >y(s)* . Therefore, a project must rely on other projects’
liquidities to refinance a negative benefit. The availability of refinancing for

a project also depends on the demand for liquidity by other projects. This
means that there might be some states where a given project should
optimally be refinanced but may not be, owing to a shortage of aggregate
liquidity. The survival of a project then depends on the aggregate liquidity of
the economy. This means that the value of a projastno longer equal to

VyD(y) .

For example, there may be stateand s’ such thay(s) = y(s) , but the
project is solvent in state and bankrupt in state’ , although its current
liquidity requirement and future expected value areshmein both states.
Liquidity constraints may bind at the aggregate level so that stxes s’

differ in the sense that it is easier for the project to get refinancing in state
than in states’ . Hence, liquidity constraints increase the probability that a
project becomes bankrupt and reduce its v8lTdis is important, since
when a project goes bankrupt, the aggregate flow of liquidity in the future is
reduced. Moreover, this could jeopardize the solvency of future projects.

The determination of which distressed projects go bankrupt when there is
not enough liquidity for all of them depends on the allocation mechanism. In
the next section, we compute project values when aggregate liquidities are
optimally allocated by a central planner. The optimal allocation maximizes
the value of the group of projects surviving in each possible state of nature.
In section 3, we decentralize the allocation of funds so that projects can
obtain funds from a liquidity market at a competitive price.

5. Since a stateis a description of the whole economy, it is conceivable that a project may
have the same benefit in two different states, while benefits of other projects differ in these
two states.

6. To alarge extent, our model fits this story: exogenous shocks on the total supply of funds
affect the effective discount rate different projects face since they affect their probability of
bankruptcy. This can be contrasted with standard macroeconomic models where changes
in the effective discount rate are driven by exogenous technological shocks.
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2 A Centralized Model of Refinancing

The ability of projects to obtain refinancing is limited by the aggregate
constraint on the supply of liquidity. We derive a recursive formula to
compute the value of aoalition of projects. Acoalition is a finite set of
projects belonging to a network and providing each other with liquidities.
Our approach is to maximize the current expected value of the coalition’s
liquidities. This is done through a complex financial “contract” that opti-
mally assigns realized liquidities to a surviving coalition.

2.1 The coalition model

We take the convention that denotes the current coalition before the
realization of the state of nature in any period. Since there is no entry of new
projects and not all projects survive from one period to the other, the
existing population may decrease with time. A coalitiofaces a liquidity
constraint in a given state if the sum of all positive liquidities in the coalition
is lower than the sum of requirements by distressed projects that are “worth”
saving. In this case, only a subcoalitionyotan survive and some projects
must disappear. The coalition optimally designs a survival policy that
determines which project should be refinanced and which should be
bankrupted. The coalitiomthat survives after coalitioy, and realization of
states, isfeasibleif and only if it satisfies the following two properties.

Admissibility (AD): If a projecty has a non-negative benefit in stat¢hen
it must belong to the surviving coalition in staseEquivalently, ifz is the
surviving subcoalition in statg theny: O z .

Budget balance(BB): If coalitionz survives in stats, then
27(s)=0.

In any given states, admissibility requires that all projects in the st
survive. Budget balance ensures that the surviving coalition satisfies the
aggregate liquidity constraint. This is possible if and only if the total
liquidity requirement-2z,(s) of these distressed projects in the surviving
coalition, z, does not exceed the total liquidit¥.zZ;(s) , generated by the
projects with positive benefits.

The optimal survival policy maximizes the value of the surviving coalition.

It is thus necessary to compute the value of all possible coalitions of

projects. Suppose that we know how to compute the expected value of an
arbitrary coalition of projectg of size lessthanorequaltd >1 . Le{(z)

be this expected value. In what follows, we show how to compute the value

of an arbitrary coalitiony of M + 1 projects. Let?Y be the power set of
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subcoalitions of). Assume that the current set of active projects im state
s, an optimal survival policy selects a coalition that solves

Program 1:max >z(s) +oV(z2) ,

z02Y
s.t. yi Oz, (AD)
>7(s)=0. (BB)
This problem is well defined by assumption, uptéy) , Which is unknown;

that is, the expected valug(z)  of all subcoalitianef no more tharM
projects is known by assumption, but the expected value of the (current)
coalitiony of M + 1 projects is unknown.

By admissibility (AD), for all statess such thaty, is empty, the set of
Instruments contains only and Program 1 reduces to

Ty(s) +dV(y). (7)

Consider now the states for whigli  is not empty. The following restricted
program, for whicly is not a solution, is well defined,

Program lamax >z(s) +0V(z) ,
z02

s.t. ys Oz, (AD)
>z(s)=0, (BB)
ZZYy.
By construction, we know how to solve Program 1a, siv¢g) need not be

evaluated.

Program 1 can be represented as a dynamic program wheyg, if IS non-
empty, one decides first ¥f should survive and, in the case where it should
not, which coalitiore should survive. Define the random variableS - R

that takes the value of Program la. The vaiye) of Program 1 then
becomes
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U]
0 y(s) +8V(y) ifys =0

v(s) = E max{ Zy(s) + 8V (y), v(s)}, if y;=0 andZy(s)=0
E u(s), otherwise.

Since this is a stationary valué(y) = E(V)

Now let
SJ= {sO 9Z(y(s) +3V(y) 2 u(s) andZ(y(s) 2 0))}.

This is the set of states where the full coalitypsurvives, either becausg

is empty, or because it is feasible and profitable to refinance all distressed
projects. In what follows, we assume tha¢S) 0 (0,1) . The following
lemmas describe the solution. All proofs are found in the appendix.

Lemmal.{sO Sy, =0}0SI0{s0 9Zy(s) =0} .

Lemma 2. Monotonicity. Lets(0 SJ and consides’ . If, for all projects,
y(s) =y(s), thens O 9.

For any given coalitiony, its value is the real numbev(y) that solves
equation (8)

V(y) = max H(SD(E(Zy|SD) +3V(y)) + (L -p(SD)E(u|S\ ). (8)

We have shown in section 1 that a coalition composed of a single project
(y =y) has an expected value ¥f(y) = V,(y) .We have shown that if we
know how to compute the expected valueMfprojects or less, we may
compute the value oM +1 projects. By induction, we can therefore
compute the expected value of an arbitrary but finite coalition of projects.
In the next section, we do so explicitly for a coalition of two projects.

2.2 A two-project coalition

Lety = xz and lety referto eithex or . We know thaf( y) = V(y)
We want to comput¥ (y) . To do so, we need to iderS8ify

By Lemma 1, we need only to identify those states where only one project is
distressed and it makes economic sense to refinance a{.s)f> 0 > x(s)
andx(s) +z(s =0, then project will be rescued if

X(s) +2(9) +0V(y) 2z(9) +3Vy(2),

that is, if
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X(s) 20(Vy(2) =V(y)) =x**.

Hence, both projects remain solvent as longg¢s) > 0 and gésh is
at least equal to some endogenous stationary vgtte that depends on
V(y). V(y) may be obtained as the solution to equation (8), where

Sl={sO9 X 3$=x*, z(9=2z*and x(s) +2z(s) =0} .

Notice thaty** being independent sfis an artifact of the two-project
coalition. In general, this threshold value depends on the safeor
example, suppose there are three projegtx, andz Further assume that
only one project is solvent (say, projeg} and that it can refinance only one

of the two distressed projects. Whether, say, progastrefinanced or not
depends not only on the net future payoff of doing so (as is the case with two
projects), but also on the cost of bankrupting projedthis cost depends on
the current amount of liquidity needed to refinance projectHence,
survival rules may depend on the statéor a coalition of three or more
projects.

Finally, it is now possible to isolate the individual value of a single project
within coalitiony. Denote the value of projegtlly by

u(ST0 S)E(Y| STO ) + 1(S,)3V, ()
1-3u(s) ’

whereS, is the set of states for which only projgcs solvent. This value is

the discounted expected sum of returns from projeeithin the coalitiony.

It is bounded below by the value of the flow of returns that can be realized in
autarky; that is,Vy(y) >V,(y) . It depends implicitly on the value of the
whole coalition through its dependence on theSét . Individual values are
such thatv(y) + V(y) = V(y) .

The individual value of a projeck must be distinguished from the
contributory value of x to coalition y. The contributory value is the
difference of values between the coalitignwith the projectx and the
coalition without it; that is,

V(y) =

CVX(y) = V(y)=V(y/X) = V(y)=Vy(2) = &,

wherey / x is the remaining coalition after removing projgdrom the
coalition y. The sum of the two contributory values in the coalitign
exceeds the value of the coalition, or

CV'(y) + CV(y) = 2V(y) =Vo(X) = V(2) 2 V(y).
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The contributory value of a pz)roject exxceeds its individua%l value:
CV(x) = V(y) =Vy(2) 2V(y)-V(y) = V(y), since Vy(2) =V(y) .

Each project, therefore, has a shadow value that reflects its externality on the
value of the other project.

3 Decentralization

We now decentralize our coalition economy to examine the characteristics
of the surviving set of projects when refinancing can be obtained from other
projects at a market price. We first propose a static general-equilibrium
model with a liquidity market for an economy with an arbitrary number of
projects. We then proceed to a dynamic general-equilibrium analysis in a
four-project economy.

3.1 The liquidity market

A project may enter a period with an obligation to repay a debt or a claim on
the debt repayment from its participation in the liquidity market in the
previous period. Suppose that a project with a negative benefit today has lent
the amountx in a previous perioflthat entitles it to receiveRx today.
Suppose thatRx>-y . In this case, the project's net liquidity is
y(s) + Rx>0. Nevertheless, if the project's owners decide to use the
amount Rx to rescue their project, they are lending the liquidity to
themselves. An alternative option would be to let the project die and invest
Rx on the liquidity market. Hence, whether it is used by the project to
refinance itself or invested in another project, the amdnis part of the
supply of funds, and the amounrty(s) potentially becomes part of the
demand for funds. Likewise, all debt repayments made in this period
become part of the supply of funds while the demand for funds is driven by
projects with negative realizationsyof

As we have argued above, we may assume without loss of generality that
each project enters the liquidity market with either a non-negative supply of
funds y>=0, or an input requiremeng<0 and a non-negative future
(option) market valuev, (y) 20 of keeping the project alive for the next
period. We shall assume here, as a first step, that this value is independent of
the current price of fund®k>0 . We consider the relevant case where at
least one project has a positive cash flgw O . The financial instrument
exchanged by projects for current funds on this market is generic. It could be
a share in the project or a promise of a future payment (we refer to it as

7. To unclutter the notation, the reference to the current stast®mitted in this section;
hencey(s) is simply notegunless it leads to confusion.
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“future funds” below). Since all agents are risk-neutral, the equilibrium risk
premium is necessarily zero. Consequently, the value of every financial
instrument is equal to its expected discounted payoff measured in units of
the good.

The market rateR, the price of current funds, determines the current
solvency of projects. Consider Figure 1, where the positions for a seven-
project economy are drawn (black dots)(ix v) space, whxere denotes a
project’s holdings of current funds, amd  denotes holdings of future funds.
We will refer to each project by its current cash flows) ; for instance,
project —14 (pointa) has the highest future expected vaMg,(y) . There
are five distressed projects (-14, —-12, -8, —6, and —4), located in the
negative quadrant of the graph, and two projects with positive cash flows (10
and 16), located in the positive quadrant. A distressed project (for which
y <0) is solvent if it has a non-negative value at the ongoing rate of return,
R:

y+V,(y)/R=0,
or equivalently,
Ry+ V,(y) 20.

Hence, to be solvent, a project must belong to the half space above the line
of slope—R that goes through the origin. For example, we have drawn two
thin solid lines from the origin representing the solvency condition for
interest ratesR’ andR” . Whether or not a distressed project is solvent
depends o At R = R, project -8 is just solvent and projects —4 and —14
are solvent, while project —6 and —12 are bankrupt. BURiE R' >R’ :
project —8 is no longer solvent and project —14 is just solvent.

To meet the input requirement, by borrowing current fuzdsuch that

y+ z= 0, the manager of a solvent project can sell equity or borrow using
the equity as collateral. The maximum amount of (current) funds that a
solvent project can borrow i¥,(y)/R  (the discounted expected value of
the option of having the project around at the beginning of next period). This
financial operation is represented by a change fyamx in the manager’s
holdings of funds and a change from_(y) to in the value of the
shareholders’ portfolios (net of current dividends) such that the total wealth
of the shareholders remains the same (no arbitrage):

Rx+ v = Ry+ V. (y).

The manager of a solvent project can thus take any pogiipw) such that
xO[0,y+V,(y)/R] andv = Ry+ V,(y)—Rx. This yields a kind of
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Figure 1
Equilibrium on the liquidity market

V, future funds

i
e’ /direction of

! increasing utility

bankruptcy

Y

-14 -12 -8 6 4 0 10 16 18
X, current funds

“budget line” of slope—R in the positive quadrant for each solvent project
(the bold lines in Figure 1).

The manager orders two positiofs, V) ahd, v') in the plane, wkere
are funds available today and is an expected value that can be realized
tomorrow, according to the shareholders’ time preferences, which are
parameterized by the discount ratd . Hencdgs, v) = (X', V') if
x+0v= X +9dV'. These linear preferences yield a map of linear indiffer-
ence curves of slopeES_1 that are sketched in the figure with dashed lines.

Given these linear preferences, the demand for current funds of each
manager is easy to compute. i = 51, the demand correspondence of
each project is confounded with its budget lineRE&L |, each manager
wants all of the project’s value in future funds. This implies that all projects
end u? at the intersection of their budget line and the vertical axis. If
R<d 7, they want all value in current funds; that is, they want to be at the
mtersectlon of their budget line and the horizontal axis. For instance, given
R>571 in Figure 1, project —14 wants to move fromto a', project —8
from b to b', project -4 front tac' , project 10 wants ¢t , and project
16 from e to € . Given the configuration we have drawR,= R
constitutes an equilibrium since the demand of current fudds 8 + 14)
equals the supply of current funds (10 + 16).
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All bankrupt projects have a negative current market value and are thus
those that have the lowest current market value. This does not imply that a
bankrupt project necessarily has a negative social value; for instance, if there
was another project at locatioh (empty dot) in this economy, then
equilibrium R would be lower (because of an increased supply of funds),
and project —12 would have been saved. However, the fact that project —12
goes bankrupt in the absence of a project 18 is not per se a case of economic
inefficiency, because the liquidity constraint is real so that the real social
value should take into account the feasibility of keeping projects —12 to-
gether with —14, -8, and —4.

Define Ry(s) = -V ,(y)/y(s) as the highest price at which the project is
solvent Wlth the convention thatis solvent at any price iR (s) <0 . At
that price, the expected value of proje&quals the value of |ts current input
requirement.

We now derive the equilibrium on the liquidity market. LBtdenote the
bankruptcy event; that i} is true if 0<R,<R. LetZ,: R, - R be the
excess-demand correspondence for current funds of pyoject

20 if B,

E -y if not BandR >3,
Z,(R) =0 , 1

E [y, V,(Y)/R] ifnotBandR=29 ",

JVin(y)/R if not BandR<&

Aggregate excess demand4¢R) = 2,Z,(R) . Figure 2 illustrates such a
correspondence. At smdf, every prOJect is solvent and every project is on
the demand side of the market. Asincreases, the discounted expected
value of each project decreases so that, by a simple wealth effect, the
demand for funds decreases. A downward jump marks the bankruptcy of
some project. The size of the jump matches the input requirement of the
bankrupt project. The vertical section at priix‘e1 marks the indifference of
allocating funds at that price that matches exactly the consumers’
preferences. The top extremity does represent the maximum demand of all
solvent projects, constrained by their future value; and the bottom part
represents the maximum supply of all solvent projects given that some of
these projects do consume funds to meet their input requiremedit: gt ,
all projects want to be on the supply side of the market if they can. Vihen
increases, some projects eventually become bankrupt and the demand
decreases since they cease to demand their input requirement. If the price is
high enough, all distressed projects are bankrupt and the excess demand is a
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horizontal straight line at a level matching the total amount of funds in the
economy.

The excess demand of each projgatan be unambiguously (iR # 5 )
decomposed in two parts, demaid (R) and sup@(/R) , one of these
being zero, so that (R) = X7 (R)=XJ(R) . Formally, define

X, (R) = max QZ,(R)},

X,(R) = —min{ 0, Z(R)},

where we implicitly assume that a given value has been selectéd R) if
R=0&1, Aggregate demand and supply for current funds follow readily:

X°(R) = Z, X, (R),
X3(R) = Z,X,(R).

Let y(lR) be the subset of distressed but solvent projects. Notice that when
R>&

D
X“(R) = -Z,(R), (9)
S +
X(R) = zy . (10)
Furthermore, these values certainly belongXB(R) ahsc(R) when

R = & 1. Hence, for simplicity, we shall assume that, unless otherwise
specified, these shall be the value of aggregate demand and supply at that
price.

3.2 Equilibrium

By Walras Law, it is sufficient to find an equilibrium in the market for
current funds to obtain a general equilibrium. Hence, we are looking for an
equilibrium priceR that equalizes the aggregate market demand and supply
for current funds.

Since demand may be discontinuous (see Figure 2), our notion of an
equilibrium must account for an excess supply at the “equilibrium” pRce

As we shall see, the behaviour of the model depends crucially on the total
demand that can be accommodated by the market. An excess supply of
funds affects only the timing of consumption but has no effect on the overall
performance of the economy. Consequently, we devise a rationing
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Figure 2
Aggregate excess demand

z (R)
i

6—1

mechanism that regulates an excess supply to yield an equilibrium on the
market.

The device works as follows. Potential suppliers in the market are told that if
there is a strictly positive demand, an unspecified fraction [0, 1] of
their supply will be channelled through the market. The rest of their supply
will be returned for consumption. Notice that the supply of funds is
unaffected by this device: if supplying was optimal when the price R

and a = 1, then supplyin is still optimal whena >0 , and is of no
consequence it = 0 .OncKD(R) ar)dS(R) have been expressed at an
equilibrium price (to be defined below), the parameter _ is set by the market
operator to a value that clears the mafket:= XD(R)/ XS( R).

The set of equilibrium prices is defined to be
argmaxZ(R) st Z(R)<O0.

Up to this point, our analysis is of a purely static nature, because it is
assumed that the future market valigs(y) are independdt™iis is

not generally true, since wheR is raised, the set of (surviving) solvent
projects shrinks, and that may affect the value of these projects in the future.

8. When R>&" , aggregate supply is positives(R) = =y*>0 . Whén= 3"
individual supplies may be selected so th&R) > 0
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To tackle this question in a satisfactory manner, we need a full dynamic
analysis. This is done in the next section with a four-project economy.

4 Static and Dynamic Efficiency

Since the value of projects, and hence the survival rule, depends on whether
liquidities are allocated by a central planner (centralized mechanism) or
through a decentralized liquidity market, the allocation mechanism can
condition the fragility of the system. To compare the performance of both
mechanisms, we need to be able to compare the set of existing projects in
each case, after a given history of realization of the states of nature. A
natural point of comparison is the coalitions arrived at in the steady state
under the two mechanisms. We will explain the notion of fragility more
clearly when we have defined the concept of a steady state.

Let y, be the coalition of projects in periad As the history of shocks
evolves, this coalition shrinks if some projects become bankrupt. Hence, the
number of surviving projects weakly decreases through time until a
stationary state is reached. Let us define this stationary state with the notion
of a stable coalitiof.

Definition 1 (stable coalitions)Let y, be the existing coalition in the
beginning of period t. The coalitiory, is stable if and only if it is the
surviving coalition after any realization of the state of nature in this period.

A stable coalition defines the stationary state, because states of nature are
drawn from identical and independent distributions in every period. If a
coalition survives through all states in one period, it must survive in any
state in the future.

There are two necessary conditions for a coalifidn be stable. One is that
budget balance holds in every state of nature; that is, there is no state in
which the aggregate liquidity constraint is binding. The other condition is
that no project has to be bankrupted in any state of nature. This latter con-
dition differs according to whether the mechanism is centralized or not.

Definition 2 (stable coalition with a centralized mechanism)ith a
centralized allocation mechanism,is a stable coalition if and only iy is
feasible, and there is no smaller coalition that would have a greater value in
any state of the world. Formally,is stable if and only if, forab 0 S ,

9. Note that the term coalition in this context does not imply that the allocation mechanism
is centralized.
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y O argmax _ zyz z(9) + OE(V(2)), s.t. y; Oz andZz(s) =0.

Definition 3 (stable coalition on a decentralized markatjith a decen-
tralized allocation mechanisny, is stable if and only if there exists a set of
stationary contingent price®(s) such that the market for funds clears at
these prices and every projectynis solvent. Formally, there exists R such
that for allsO S,

R(sg DargmaxZ(R) st Z(R<O0,
and
R(9<R(s) OyOy .

This definition is tricky, because the critical prica§(s) for projecre
endogenously derived from its expected discounted market value. Never-
theless, if the existing coalition of projects is stable, the aggregate liquidity
constraint never binds and, thus, the market gross rate of return can be set as
low asd * in every state. Hence, a necessary condition for a coajitton

be stable in a market equilibrium is that every distressed project is always
refinanced at that price.

In accordance with both these definitions, we can say that the empty set is
stable. This means that at least one stable coalition exists.

Since there is no entry, the number of projects in the economy can only
weakly decrease in time. However, the rate at which projects disappear and
the characterization of the stable coalition depend on the history of states of
nature. This means that project failures that follow temporary liquidity
shocks may have permanent effects. With no entry of projects in the system,
a failure in periodt may trigger further failures. Suppose that the set of
stable coalitions achievable by a given allocation mechanism includes sets
other than the empty set. We can say that a systeimaggle, because the
history of realized states can force the system towards a less valuable stable
coalition. In the extreme, a system can be forced towards the empty set.
Furthermore, since all firms that belong to any stable coalition would have
had an episode of distress but were refinanced, they all have positive value,
both in the individual and contributory sense. Hence, the stable coalition
with the larger number of projects is more valuable than one with a smaller
number of projects.

The set of states in which all projects survive in a stable coalition is the set
itself, since there are no bankruptcies. The value of a coalition is then simply
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equal to the discounted expected value of the cash flows of all remaining
projects in the centralized as well as in the decentralized mechanism,

As previously stated, projects are also easy to value in a decentralized
market when we have a stable coalition, since their individual values can
also be expressed as the expected discounted value of their cash flows at
price 51 . Hence,

V() = 2

for all projectsy in a stable coalition.

Result 1.If y is a stable coalition in a decentralized market, it is stable in a
centralized mechanism.

Proof for this Result is provided in the appendix.

Result 2.1f y is a stable coalition in a centralized environment, it may not be
stable in a decentralized one.

This result is illustrated by an example. Consider a simple economy with
four projects{w, x, y, 2 and three equi-probable states of nature, 1, 2, and
3. Table 1 shows the benefits of each project and theirSum  in each state of
natures. Assume that the discount ratei= >1/2  so that<2 and
that X =10 andY =5 . These bounds ensure that refinancing both prgjects
andy is an efficient option (see below). We shall consider two cases: case 1,
where3Y > X+5 , and case 2, wheB¥ < X+ 5

Since the sum of the returns is always positive, the coalitiayz can
survive in every state. IK andY are high enough, it is efficient to rescue
projecty in state 1 and projectsandy in state 3. Rescuing projextn state

3 can be done only by rescuing projecdh state 1. IfX is large enough, it is
socially efficient to rescue projeein state 1 so that projegtcan be rescued

in state 3 in a future period. We then conclude that an efficient allocation of
funds must manage to havexyzin all events. This is the stable coalition
that would prevail in a centralized mechanism.

We show that, in this economy, the First Welfare Theorem does not hold:
project z will not be refinanced in state 1, although it would be socially
efficient to do so in order to refinancen state 3.

Depending on the relative values of and Y, we obtain two possible
equilibrium allocations following the bankruptcy of projexin state 1.
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Table 1

A fOUI‘-pI‘OjeCt economy

S: 1 2 3
W 3 0 2
X: 2 X -3
y: -1 Y -1
Z: -2 0 2
> 2 X+Y 0

To resorb the liquidity shortage in state 3, the price of funds will rise so that
refinancingx is not an attractive option. In case 1, the expected value of
projectx is small so that a small rise in the market price will be sufficient.
With such a small rise, refinancingis still an attractive option. Hence, the
initial demise of projeck implies that only projeck goes bankrupt, leaving

wy as a stable market coalition in the long run. In case 2, the demise of
project z will again eventually cause the bankruptcy of projgcbut the
market price necessary to drixeout of the market will also leave projegt
bankrupt, leavingv as the long-run stable market coalition.

Rational-expectations market prices clear current and future time/state
contingent markets given the coalition of projects that pertains to these
contingent markets. Notice that projects always solvent so that it belongs

to any surviving coalition of projects and forms by itself a stable market
coalition. Coalitionw should not be interpreted as a monopoly, since it could
be the sum of returns of a large group of projects each having a non-negative
return in every state.

To construct an equilibrium, we specify a price for funds in every contingent
market such that the decision to refinance or not each distressed project is
rational given these expected prices and such that each contingent market for
funds is in a (possibly rationed) equilibrium. For instance, note that what-
ever the short-run composition of the market (with projgbresent), the
market for funds is in equilibrium at pricR = &~ in states 1 and 2, since
there is no shortage of funds, and suppliers of funds are ready to supply any
amount that they own at that price.

A shortage of funds will occur in state 3 once projetias been dropped in
state 1. Projectis dropped in state 1 because if the future is discounted, itis
not rational to spend two units of consumption today to refinance a project
that has a zero expected value. Hence, to have an equilibrium in state 3, the
price of funds will rise to some prige> 5t
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Since there is a finite number of projects, there is a finite number of stable
market coalitions we may end up with. Given the (long-run) stationary
nature of our economy and starting with a stable market coalition, setting
R=3&1in every event yields an equilibrium. Hence, we need only analyze
the transition from the starting coalitiowxyz to some stable coalition. We
proceed with backward induction, starting with the smallest possible
candidates. Except fow, these must be multi-project coalitions, since all
other projects need refinancing in some state of the world and would disap-
pear if they were to operate on their own.

The possible stable market coalitions aneyz wxy, wWxz wyz wx, wy, wz,

andw. We construct the equilibrium using Figures 3, 4, 5, and 6. These trees
provide a complete description of the equilibrium. Starting with coalition
wxyzin Figure 3, nature selects one of the three possible branches (states) to
reach some node associated to a contingent market. The equilibrium market
price in that state is written above the node (those will be established later).
The market structure then evolves by possibly dropping some project along
the way. The actual equilibrium selection of projects is indicated by the
straight line. For instance, starting witlxyzin state 1 (Figure 3), the market
price is 51, projectzis dropped, and we end up at the nadey To follow

the rest of the event tree, we then switch to Figure 4, and so on. A stable
market coalition is one where we always end up with the same coalition.
Coalitionsw in Figure 3 andvy in Figure 6 are stable in that sense.

In case 1, the left tree of Figure 4 is used for coalitiwwry In case 2,
Figure 7 will be used. They differ only with respect to state 3.

Since we must eventually end up with either coalitimr wy, we start by
solving for the equilibrium prices in these events. We then proceed
backwards to compute the equilibrium prices, starting with the other (non-
stable) market coalitions. For instance, once the stationary price that prevails
with coalitionw has been identified in Figure 3, we can compute the prices
that prevail starting with coalitiowzin Figure 6, etc. All equilibrium prices

are chosen according to the definition given in section 3.2. The market price
in states 1 and 2 is assumed to && so that we only discuss the price in
state 3.

Coalition w: The market price i5

Coalition wx: Suppose that we start in state 3 with coalitiex Depending

on whether projectis rescued or not, there are two possibilities for the next
period: one that starts again with coalitievx and one that starts with
coalitionw. We know that the future market price in the latter branch will be
571, and we want to compute the pripe that will clear the current market
and that will prevail again in the (zero-probability) event that the economy
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Figure 3
Coalitions wxyzand w
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Figure 5
Coalitions wyzand wx

Figure 6
Coalitions wy and wz

wz
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Figure 7
Coalition wxy when X is large

WXY

WXy

would follow the first branch witlwx. Since projeck must be dropped for
the market to clear (with our rationing device), that price must be high
enough to make refinancing projean unattractive option.

At price R, = =V (X)/X(3) = V,,/3, projectx would be refinanced at
the margin for a net gain of zero and the coalition would be stable. An
investor is ready to payR,3 today in the hope of ending in state 1 or 2
tomorrow: being stationary, the value of ending again in state 3 tomorrow
would also be zero. Hence,

2+ 8Vp(X)  X+8Vr(X) 0

R3 =V, (x) = 3 3 3
_ 2+ X
3-2%’
so that,
2+ X -1
= —_— 22>
Ry 3(3—25)‘2"6'

To conclude, we may arbitrarily state that= R, +&¢ ,wiék 0 , to ensure
that projecix is dropped. At that price, the owners of projectvould like to

lend all their funds but they can only lend to themselves. In short, our
rationing device is at work and the market clears at frice
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Coalition wy. Suppose that we start in state 3 with coalitiwy Since there

is no shortage of funds, setting the price&?& equilibrates the market. As
above, we verify thay is solvent at that price by computing the limit price
Ry that would make it barely solvent:

—-1+3V,(Y) \ Y + 0V (y) . 0
3 3 3

R =V (y) =

Y-1

-1
3'_—262226 .

SinceR, = 5, we conclude thgtis refinanced at pricé_1 in state 3.

Coalition wz Again the market price i§'>1 inall events. At this price,
refinancingz is never an attractive option, since one finances today 2 in the
hope of recouping at most 2 with probability one-third tomorrow.

Coalition wxy: It is impossible to refinance projegtin state 3 so that the
market price will be set high enough to make that an unattractive option. The
guestion is whether the required high price will push projeatto bank-
ruptcy. Consider case 1 in Figure 4 where it does. Notice that the condition
3Y > X+ 5 implies thatRy> R, . Then in the event where projecstays
solvent at the margin, so will projegtand the future market price in state 3
will be the same. As above, the limit price that makes proyestlvent is

R,. Hence, we set the price again@t= R +¢ wih  sufficiently small
SO thatRyz p >R, . Notice that projeat gathers a rent in that case from
projecty.

We add that a priceR> would not yield an equilibrium, since the
aggregate excess demand would not be maximized under the non-positivity
constraint0

Consider now case 2 where projgcis also dropped (Figure 7); that is,
when R <R, . Then, in the (zero-probability) event where projestays
solvent at the margin, the surviving coalition will b and the market price

will be p (see Figure 5) in the future. Again, we may assume that the market
priceisp>R, > Ry so that botk andy are dropped.

Coalition wxz Assume that the price i5"  in every state and that
dropped in state 1. Then it is optimal to drapn state 1. In state 3, the
supply of funds strictly exceeds demand at prﬁ:‘é so that we have a
(rationed) equilibrium at that price. We need to show thet refinanced at
that price.

10. Thatis, if a priceR< R, is expected in state 3 in the future, then a RE®, is not
a current equilibrium price.
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Let V. (X) be the current continuation value of projgcthat is, the value of

x if we end up in states 2 or 3 tomorrow with the same coalition and the
same priced1 . In state 1, the price is afd , bigt dropped so that the
coalition reduces towx and we have shown above thatis worth

V., (x) = 3R, with this coalition. It follows that

, 2+3V (X) X+3V/(X) —3+3V,(X)
Vi (X) = St g T

X—1+ 30R,
3-26

S X+2

3 6_63

and projeck is refinanced in state 3.

Coalition wyz The reasonlng is similar to the one used above for coalition
wxz assume that the price & in every state; taendropped in state 1.
There is no shortage of funds at prige* in any state. We need to show that
y is refinanced at that price in states 1 and Z.if dropped, we end up with

the stable market coalitiowy, and the future prices a® in every state.
It follows thaty is evaluated at pricé‘1 in every state. Sie < R,y 5
refinanced.

Coalition wxyz There is no shortage of funds at prieSé1 in any state.
Similar arguments as above establish that all projects are refinanced except
in state 1. First, one can establish tlkas worth V (x) with coalitionwxy
oncezis dropped in state 1. We then obtain txas refinanced in state 3
since its continuation value is

Likewise, y is worth Vm(y) = R, with coalitionwxy so that its current
continuation value/, (y) is

, —1+3V (y) Y+dV . (y) —-1+3V (y)
V() = T t——s T

Y—2+€'>Ry
3-26 '’
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Y-1_1
*3-22°

which warrants its refinancing in both states 1 and 3.
This completes the description of the equilibrium.

One may argue that the owner of projecsuffers from myopia by not
refinancing projecty in state 1, since the demise of that project directly
implies an even greater loss of value for projeat the future. But to make
that argument, one must relax the assumption of a competitive equilibrium
where agents react to current and “rationally” expected future prices. In
short, the external effect of the demise of projeon the fate of projeck is

of a pecuniary nature and cannot be coherently “expected” in a “rational’-
expectations equilibrium. Obviously, if the owner of proj&atould grasp

this external effect, he would simply horizontally integrate with pr@ect

The introduction in state 1 of a current market for future funds in state 3 (so
that the balance sheet of projectvould turn positive in state 1) does not
help. Such a market is implicitly present in our set-up, and prgesmnot
financially viable despite the presence of that market. The problem is not
that projectzs future funds are not negotiable in state 1 but that they are
undervalued in a competitive equilibrium.

Projectz gathers no rent from being the “white knight” in state 3 whose
presence is necessary to save prajebtote that the presence of projects

no less necessary in that state for that purpose. Hence, if pjgotld
receive a rent, then projeatwould receive it as well, since the funds of both
projects are perfect substitutes. The fact that one’s presence prevents the
instance of a crisis is not sufficient to ensure a rent in a competitive
equilibrium. In fact, there is something of a paradox here: the rent associated
to funds in state 3 accrues (in case 1) to projeanly when projectz has

been dropped, thus creating the crisis that rationalizes the increase in the
interest rate. Hence, projectis dropped because only a rent-generating
crisis could justify its current refinancing, and such a rent-generating crisis
can occur only if project is not refinanced.

Conclusions

We show in this paper that the efficiency of a liquidity-allocation mechanism
depends on its ability to measure the value of a project, taking into account
its contribution to the liquidity of the economy in future periods. This
contribution is not taken into account by decentralized markets, because it
represents an externality that cannot be priced on competitive liquidity
markets. Our main result is given in Result 2 and states that a competitive
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liquidity market may be more fragile than a centralized mechanism. This has
implications on how a public authority could supervise financial markets to
ensure that liquidities are properly allocated among productive projects. The
existence of a competitive financing rate for liquidity exchanges is necessary
to signal the opportunity cost of liquidities and drive the price of capital in
the economy. However, intervention by a market regulator to rescue a
distressed project that cannot find refinancing on the liquidity market may
help ensure that this liquidity market remains sound.

The dynamic inefficiency due to the externality may be alleviated by
contracts that could lead firms to integrate. Horizontal integration of the two
firms that are affected by the externality could eliminate the externality and
restore efficiency. Such integration, however, could be non-desirable for
other motives such as antitrust. Furthermore, some externalities may not be
internalized if firms cannot perfectly anticipate all future contingencies. For
example, the economy may be subject to an unanticipated shock that could
put in financial distress a firm that would have liked to merge with another in
a previous period had it been able to foresee this shock. So, the dynamic
ineffiency identified in this article should be of real concern.

It is interesting to consider the following interpretation to our model. The
coalitional model can be related to a financial market with a financial
intermedianyt! The intermediary allocates financing among its firms to
maximize the value of its portfolio of firms. A long-lived financial
intermediary can therefore endogenize the type of externalities that prevent
the market from being efficient; that is, it can take into account the potential
future contribution of a financially distressed firm when deciding to re-
finance it or not.

The only source of financial imperfection we consider is a potential shortage
of liquidity at the aggregate level. If markets cannot decentralize the optimal

allocation, firms may have to use complicated long-term contracts that

would depend on all realized shocks in the economy. It would then be

interesting to characterize the nature of these contracts when they suffer
from this and other market imperfections such as non-commitment.

11. See Dolar and Meh (2002) for a non-technical survey of the literature on intermediary-
based and market-based views of financial structure.
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Appendix

Proof of Lemma 1

The first part comes directly from admissibility (AD). The second part,
directly from the budget balance (BB) condition.

Proof of Lemma 2

If y; = 0, the resultis obvious. I/ # 0 , then the question becongdgen

that we manage to keep all projects solvent, would we want to drop a project
now that aggregate liquidity has riserThe answer is “no.” Suppose that in
states [0 1 the coalitioz survives, and that projects 1z  are bankrupt in
states’ 0 S . This implies that

2z(s) + 0V (z) =2Zz\ w(s) +dV(z\w). (Al.1)

In states’ ,y increases for all projects. Given stationarity, this affects only
the first term on each side of condition (Al.1). Since there are more projects
in zthan inz\ w , this condition must also be satisfied in sgte . Hence,itis
not optimal to bankrupt more projectssn  thars.in

Proof of Result 1

Since budget balance holds, the market rate of return has to be ecﬁIél to
The stability ofy implies that ally in y are such thay(s) + 8V, (y) =0 for
any possibles. Supposey is not stable with a centralized institution; then
there is a stats in which subcoalitiony\ z must optimally be bankrupt.
This also writes

2y(s) +oV(y) <Zz(s) +dV(z), (Al.2)
wherez is the value-maximizing coalition in staeThis implies

(y\z)(s) +o0(V(y)-V(z)) <O0. (A1.3)
For stability on the decentralized market, we must have

>(y\ z)(s) + 6ZyDy\ Vn(y) =0. (Al.49)

This means that the contributiovi(y) —-V(z) oz to the centralized
value ofy is smaller than its market value, that is, a contradiction.
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	Introduction
	A system is financially fragile relative to another when its expected value in the steady state i...
	Correctly valuing a firm (or a project) is a central issue in finance. The value of a firm is typ...
	In an environment of perfect financial markets, there are no liquidity constraints facing the fir...
	In this model, a firm is identified with an infinite random sequence of benefits, conditional on ...
	We develop a procedure for valuing firms when there is a potential aggregate shortage of liquidit...
	Within this context, we study two environments. In the first, we assume that all firms are part o...
	In the second environment, we assume that, instead of a centralized decision-making mechanism, th...
	We then compare the efficiency of the two mechanisms. For each case, we show that the economy con...
	The issue of endogenous bankruptcy has already been studied in the literature on optimal capital ...
	Leland (1994) considers a more complex type of debt with a continuous coupon, and computes the eq...
	In their paper, den Haan, Ramey, and Watson (1999) also study the fragility of an economic system...
	In section 1, we introduce the model and notation. We then compute the value of a firm in two ben...

	1 The Model
	Consider a multi-period, single-good economy where all consumers have (risk-neutral) linear prefe...
	There is an infinite random sequence of i.i.d. states (st��)t ��Œ N where t is a time subscript. ...
	There are many productive projects, owned by the consumers. The number of projects can decrease o...
	A negative benefit generated by a project represents a temporary shortage of liquidity that preve...
	A project is said to be in financial distress in state s if . We say that the project is solvent ...
	Let us denote the current population of projects by y. If y is small, we will denote it by its el...
	1.1 Autarky
	A project that lives in complete autarky has no access to refinancing. It is solvent if and only ...
	Let us denote by , the set of states in which , that is,
	and .

	We will keep this notation for any other measurable function on S throughout the paper. Under the...
	(1)
	where is the discount rate. Let us denote the expected value of . Because benefits are stationary...

	, (2)
	where is the conditional expectation of y given the event . Equation (2) yields a formula for the...


	1.2 Unconstrained refinancing for a single project
	Let us suppose that the project has access to refinancing in states where its current benefit is ...
	Define by the set of states in which the firm is either not distressed or is successfully refinan...
	.

	This is the maximum amount of financial capital the firm can raise. Hence, the firm is solvent in...
	. (3)
	The set is the set of states s for which condition (3) is satisfied. It is easy to see that, if ,...

	. (4)
	This equality implicitly defines the set .
	We can now compute the expected value of the project, using as the bankruptcy condition. In any p...

	(5)
	Taking expectations on equation (5) yields
	,


	. (6)
	Equation (6) gives the expected value of the project in an environment without liquidity constrai...
	Without an aggregate liquidity constraint, a project can raise funds up to its discounted expecte...


	1.3 Refinancing firms in the face of aggregate liquidity constraints
	From now on, we relax the assumption that there is no aggregate liquidity constraint. We suppose ...
	For example, there may be states s and such that , but the project is solvent in state s and bank...
	The determination of which distressed projects go bankrupt when there is not enough liquidity for...


	2 A Centralized Model of Refinancing
	The ability of projects to obtain refinancing is limited by the aggregate constraint on the suppl...
	2.1 The coalition model
	We take the convention that y denotes the current coalition before the realization of the state o...
	Admissibility (AD): If a project y has a non-negative benefit in state s, then it must belong to ...
	Budget balance (BB): If coalition z survives in state s, then
	.

	In any given state s, admissibility requires that all projects in the set survive. Budget balance...
	The optimal survival policy maximizes the value of the surviving coalition. It is thus necessary ...
	Program 1: ,
	, (AD)
	. (BB)

	This problem is well defined by assumption, up to , which is unknown; that is, the expected value...
	By admissibility (AD), for all states s such that is empty, the set of instruments contains only ...
	. (7)
	Consider now the states for which is not empty. The following restricted program, for which y is ...
	Program 1a: ,
	              , (AD)
	  , (BB)
	  .

	By construction, we know how to solve Program 1a, since need not be evaluated.
	Program 1 can be represented as a dynamic program where, if is non- empty, one decides first if y...
	Since this is a stationary value, .
	Now let
	.

	This is the set of states where the full coalition y survives, either because is empty, or becaus...
	Lemma 1. .
	Lemma 2. Monotonicity. Let and consider . If, for all projects, , then .
	For any given coalition y, its value is the real number that solves equation (8)

	. (8)
	We have shown in section 1 that a coalition composed of a single project has an expected value of...


	2.2 A two-project coalition
	Let and let refer to either or . We know that . We want to compute . To do so, we need to identify .
	By Lemma 1, we need only to identify those states where only one project is distressed and it mak...
	,

	that is, if
	.

	Hence, both projects remain solvent as long as and each is at least equal to some endogenous stat...
	.

	Notice that being independent of s is an artifact of the two-project coalition. In general, this ...
	Finally, it is now possible to isolate the individual value of a single project within coalition ...
	,

	where is the set of states for which only project y is solvent. This value is the discounted expe...
	The individual value of a project x must be distinguished from the contributory value of x to coa...
	,

	where is the remaining coalition after removing project x from the coalition y. The sum of the tw...
	.

	The contributory value of a project exceeds its individual value: , since . Each project, therefo...


	3 Decentralization
	We now decentralize our coalition economy to examine the characteristics of the surviving set of ...
	3.1 The liquidity market
	A project may enter a period with an obligation to repay a debt or a claim on the debt repayment ...
	As we have argued above, we may assume without loss of generality that each project enters the li...
	The market rate R, the price of current funds, determines the current solvency of projects. Consi...
	,

	or equivalently,
	.

	Hence, to be solvent, a project must belong to the half space above the line of slope that goes t...
	To meet the input requirement, by borrowing current funds z such that , the manager of a solvent ...
	.

	The manager of a solvent project can thus take any position such that and . This yields a kind of...
	The manager orders two positions and in the plane, where x are funds available today and is an ex...
	Given these linear preferences, the demand for current funds of each manager is easy to compute. ...
	All bankrupt projects have a negative current market value and are thus those that have the lowes...
	Define as the highest price at which the project is solvent with the convention that y is solvent...
	We now derive the equilibrium on the liquidity market. Let B denote the bankruptcy event; that is...
	Aggregate excess demand is . Figure 2 illustrates such a correspondence. At small R, every projec...
	The excess demand of each project y can be unambiguously (if ) decomposed in two parts, demand an...
	,
	,

	where we implicitly assume that a given value has been selected in if . Aggregate demand and supp...
	,
	.

	Let be the subset of distressed but solvent projects. Notice that when
	, (9)
	. (10)
	Furthermore, these values certainly belong to and when . Hence, for simplicity, we shall assume t...


	3.2 Equilibrium
	By Walras Law, it is sufficient to find an equilibrium in the market for current funds to obtain ...
	Since demand may be discontinuous (see Figure 2), our notion of an equilibrium must account for a...
	The device works as follows. Potential suppliers in the market are told that if there is a strict...
	The set of equilibrium prices is defined to be
	.

	Up to this point, our analysis is of a purely static nature, because it is assumed that the futur...


	4 Static and Dynamic Efficiency
	Since the value of projects, and hence the survival rule, depends on whether liquidities are allo...
	Let be the coalition of projects in period t. As the history of shocks evolves, this coalition sh...
	Definition 1 (stable coalitions). Let be the existing coalition in the beginning of period t. The...
	A stable coalition defines the stationary state, because states of nature are drawn from identica...
	There are two necessary conditions for a coalition y to be stable. One is that budget balance hol...
	Definition 2 (stable coalition with a centralized mechanism). With a centralized allocation mecha...
	.

	Definition 3 (stable coalition on a decentralized market). With a decen- tralized allocation mech...
	,

	and
	.

	This definition is tricky, because the critical prices for project y are endogenously derived fro...
	In accordance with both these definitions, we can say that the empty set is stable. This means th...
	Since there is no entry, the number of projects in the economy can only weakly decrease in time. ...
	The set of states in which all projects survive in a stable coalition is the set S itself, since ...
	.

	As previously stated, projects are also easy to value in a decentralized market when we have a st...
	for all projects y in a stable coalition.
	Result 1. If y is a stable coalition in a decentralized market, it is stable in a centralized mec...
	Proof for this Result is provided in the appendix.
	Result 2. If y is a stable coalition in a centralized environment, it may not be stable in a dece...
	This result is illustrated by an example. Consider a simple economy with four projects and three ...
	Since the sum of the returns is always positive, the coalition wxyz can survive in every state. I...
	We show that, in this economy, the First Welfare Theorem does not hold: project z will not be ref...
	Depending on the relative values of X and Y, we obtain two possible equilibrium allocations follo...
	Rational-expectations market prices clear current and future time/state contingent markets given ...
	To construct an equilibrium, we specify a price for funds in every contingent market such that th...
	A shortage of funds will occur in state 3 once project z has been dropped in state 1. Project z i...
	Since there is a finite number of projects, there is a finite number of stable market coalitions ...
	The possible stable market coalitions are wxyz, wxy, wxz, wyz, wx, wy, wz, and w. We construct th...
	In case 1, the left tree of Figure 4 is used for coalition wxy. In case 2, Figure�7 will be used....
	Since we must eventually end up with either coalition w or wy, we start by solving for the equili...
	Coalition w: The market price is .
	Coalition wx: Suppose that we start in state 3 with coalition wx. Depending on whether project x ...
	At price , project x would be refinanced at the margin for a net gain of zero and the coalition w...
	,

	so that,
	.

	To conclude, we may arbitrarily state that , with , to ensure that project x is dropped. At that ...
	Coalition wy: Suppose that we start in state 3 with coalition wy. Since there is no shortage of f...
	.

	Since , we conclude that y is refinanced at price in state 3.
	Coalition wz: Again the market price is in all events. At this price, refinancing z is never an a...
	Coalition wxy: It is impossible to refinance project x in state 3 so that the market price will b...
	We add that a price would not yield an equilibrium, since the aggregate excess demand would not b...
	Consider now case 2 where project y is also dropped (Figure 7); that is, when . Then, in the (zer...
	Coalition wxz: Assume that the price is in every state and that z is dropped in state 1. Then it ...
	Let be the current continuation value of project x, that is, the value of x if we end up in state...
	,
	,
	,

	and project x is refinanced in state 3.
	Coalition wyz: The reasoning is similar to the one used above for coalition wxz: assume that the ...
	Coalition wxyz: There is no shortage of funds at price in any state. Similar arguments as above e...
	.

	Likewise, y is worth with coalition wxy so that its current continuation value is
	,
	,
	,

	which warrants its refinancing in both states 1 and 3.
	This completes the description of the equilibrium.
	One may argue that the owner of project x suffers from myopia by not refinancing project y in sta...
	The introduction in state 1 of a current market for future funds in state 3 (so that the balance ...
	Project z gathers no rent from being the “white knight” in state 3 whose presence is necessary to...
	Conclusions
	We show in this paper that the efficiency of a liquidity-allocation mechanism depends on its abil...
	The dynamic inefficiency due to the externality may be alleviated by contracts that could lead fi...
	It is interesting to consider the following interpretation to our model. The coalitional model ca...
	The only source of financial imperfection we consider is a potential shortage of liquidity at the...
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